Complex analysis for EE, 2012-13, problem set 7

1. Suppose a function f is holomorphic on C\ {z1, 23, ..., 2, }. Show that there exist entire
functions fo, f1,..., fn such that f(z) = fo(z) + f1(z_1z1) +...F fn(z—lzn)'
Solitions:
We do is by induction on n. For n = 0 there’s nothing to prove.
Now, suppose the claim holds for n > 0, and let f be holomorphic on C\{z1, 22, ..., 241}
(for some arbitrary collection of n 4+ 1 distinct points of singularity). Note that due to
the finite number of singularities, they are all isolated. Examine

FE =Y amle =z + > — 2

m=0 h—1 (z = Zn)*

the Laurent series expression of f about z,,11. Note that it is holomorphic in a punctured
disc (a ring with zero inner radius), hence f,,41 defined f,,+1(w) = 35—, bpw” is entire.
Also, note that g(z) = f(z) — fnﬂ(ﬁ) is holomorphic in C\ {z1, 22, ..., 2.}, so by
the induction assumption we're done.

2. Suppose f is holomorphic in C, except perhaps at finitely many poles, and either has a
pole at infinity or the limit lim, ., f(2) exists. Such a function is called meromorphic
on the Riemann sphere. Show that f is a rational function (hint: isolate the poles of
f to arrive by an entire function g such that f(z) = g(2)/ H?Zl(z — z;)™. Next, what
can you say about ¢’s zeroes?)

Solitions:

We begin by assuming without loss of generality that lim, ., f(z) # 0 (if it is zero,

then take h(z) = f(1)), which is holomorphic in a neighborhood of 0 with 2(0) = 0.

FEither h is identically zero in that neighborhood—implying that f is zero everywhere—or

there exists n € N such that lim,_,g hz(j) = wg # 0. In the latter case, we show that
f(2)z™ is rational, and therefore f is as well).

Next, we recall that f has a pole of degree m at zo if and only if f(z) = —2Z)

T (z—z0)™
is holomorphic in a neighborhood of zy. We use induction to prove that we can represent

where g

f) 22

Iz

where g is entire, and for all 1 < j < n, z; is a pole of degree m; for f. For n = 0,
there’s nothing to prove. Suppose the claim holds for n € N, and let f satisfy the
conditions of the exercise with n + 1 poles, at {z1,22,...,2n41}. We therefore have
f(2) = (2 — zpe1)™+ f(2) which is holomorphic on C\ {zj}?zl. By induction, we get

an entire g(z) = f(z) [[=i(z = 2)™ = f(2) H;Lill (z — z;)™, and we're done.

Note that g is entire, and lim,_,o, g(z) = co. It will therefore suffice to reduce the
question into the following, special case: suppose g is entire and has a pole at infinity.
Then g is a polynomial.

For such g, examine the Taylor series about zero g(z) = >~ a,2". We know that
h(z) = g(%) has a pole at zero, but by substitution its Laurent series about zero is
h(z) = >,y %, implying that a,, = 0 for all n > N, for some N € N. Therefore, g is
polynomial.

3. Let 2 be a bounded region, and let F' C €2 be closed. Show that there does not exist a
function f with infinitely many poles in F that otherwise holomorphic on €.



Solitions:
We show that if P C F' is some subgroup, and each p € P is a pole a holomorphic
f:Q\ P — C, then P has finitely many points.

Q is bounded, hence so is F. It follows that F' is compact, and therefore P has an
accumulation point in F' (that is, a point w € F such that for all € > 0, DL(w) N P # (.
You might be more familiar with the following phrasing: every bounded sequence in C
has a converging subsequence). We know that w ¢ P, because it wouldn’t be isolated
(poles are always isolated singularities). Therefore, f is differentiable at w, but f isn’t
even continuous at w (it assumes arbitrarily large values in every neighborhood of w),
in contradiction.

4. Find the residues at the poles of the following functions:

(a)

1
z3(22+1)
Solitions:
We can easily find the Laurent series in D7(0). For 0 < |z| < 1, one notes
1 1 1 1
- = _1n22n:7_7 Z— ...,
B(2+1) 2P Z( ) 3 +
n>0
Hence the residue at the origin is (—1).
1
For z = i, we conveniently denote (212 o = =G40 implying that the residue at
z =1 equals ig(i{m) = % Similarly, the residue at z = —i equals % as well.
1
z(3—2)
Solitions:
Here, the residue at z = 0 equals :;—0 = %, and the residue at z = 3 equals
-1 _ _1
3 = "3
1
1—2z+22
Solitions:
1 _ 4 ; _ 1+iV3
We note that =7 T V)@ 1TiE) so the residue at zop = =5 equals

22;17,\/5 = —%, and the reside at zg equals ﬁ
1
(Z2+2+1)%
Solitions:
Relying on the last part, we know that the residue at zy equals

1. a3\ (2) _
o i (o407 =60

Similarly, the residue at Zy equals —6(220)~>.

etz

cosh(z)
Solitions:
cosh(z) = 0 only at (k + 3)7i for some k € Z. At each such point, the pole is of
. ikt Lymi —(kt+3)m 1V —(kt1L
degree one, and the residue is e!(*+2)7 = 7@2(@4—%)@ = (=1)ke=(kt2)m,
1
(22+1) sin(wz)
Solitions:
Again, the function only has simple poles, at z = +i and z = k € Z. The residue
at z = i is ﬁ(m), and the same at z = —i. The residue at z = k € Z is

1 _ _(=*
w(k2+1) cos(mk) — w(k2+1)"




(g) z4 siln(z)
Solitions:

This function has simple poles at z = 7k for k € Z, with residue & — ,34 . It also has

a pole of degree 5 at zero. To find the residue there, we can of course calculate

z

% lim,_.q (Sinz)(4), but an easier approach exists. Note that has a Laurent

1
z4 sin(z)
expansion in D7(0), which we can find in the following way:

1 1

Zhsin(z) 25 (1— & 4+ 25 —26(..)

We easily verify that each addend is smaller in absolute value than its predecessor,
with alternating signs, so each addend is larger than the remaining tail of the series.

In particular, g—? . %—T + 25(.. )‘ < 1. Therefore we know that:

lesiln(z)z15<1+<j§+z6(...)>+<i§+z6(...)>2+...> =

1 1, (1 1\ 4 &
:Z5<1+3!z +<3!2—5!>z +z()>

It follows that the residue at zero equals (gz — %) = 355-

(h) tan(2)?
Solitions:
We note that tan? z =
zero of cos z is zero.

— 1= (tanz — 2)". Tt follows that the residue at each

_1
cos? z

5. By converting each integral into one along the unit circle, prove the following identities:

0 'Sfr4c050 4
Solitions:

We note that 5+ 4cosf = 1+ 4cosf + 4cos? 0 + 4sin? 0 = ‘1 + 2¢% 2, and also
sin? 0 = —% Im (eie) Im (1 + 2€_i0>. Hence:

2 -2 27 60 —10
/ sin” @ d@——l/ Im (e )Im(1+26 )d0:
0

5+4cosd |1+2e”’|

() 27 sin2%6 ==

1 2”1 1+ 2%
L m (¢") (1+2e )de —
2 |1+ 2670

1 2 Im 10) —160 . 10
( 2— 1+2ewe 1" do

i 2 _TRe L[ 224 -
|| 1 2iz(1 +2z)d>_4R (27Ti/|2_1 2(z +1/2)d>

7r ze—1
"t ( |m2+wﬁ>
7T 22 —1 zc—1 1 T
=y Re ( Gt O)+z2(z+1/2)’_2)>:4<4_3)



(b) 027r md@ = \/%, where -1 <a <1

Solitions:

2 1 2m ) 1 2 9 ‘
/ ———dh = / : __df = 7,/ : . iedf =
o l+acosd 0 2+ a(e? +ei0) iJo 2+ a(e? +1)

_2/ L_E/ dz
Pam 2z e ba i e (a2 + 14+ VT = @) (e - S

We note that ‘—@ > 1, whereas —1 < @ < 1, hence f027r 1 40—

1+acos 6 -
47
2/ 1—a?
2 27 (1+a>
() [ (1+2acols razyzdd = (f£a2;l3/)2)7 where —1 <a <1
Solitions:

27 1 27 ieie
[ Y .
o (14 2acosf+ a?)? o €91+ aet? + ae + a?)?
1 zdz
= QWT 21 (1+a2 2
i Jizj=1 (@22 + (1 +a?)z + a)

For a # 0, this function has two poles of order 2 each, but only one of those is in the
2

unit disc. In case a > 0, denote b = 1;‘; > 1, and this pole is at zg = —b++/b% — 1.

The residue equals

. 2 S T/ P 2 -
S0\ (z— (-b— VBT —1)°) @b+ VE—1+z) a@VEZ-1)
_ 1+a?

_(1—a2)3/2

The same holds (with minor adjustments) for a < 0, and the case of a = 0 is trivial.

6. By integrating along a rectangle which rests upon the real axis, show that ffooo 16_:; dr =
$, where 0 < o < 1.
Solitions:
We first note that the function % has a single pole in the rectangle with vertices
at —R,R,R + 2mi, —R + 2mi, at z = mi. Moreover, its residue at this point equals

ami

e — —e2™  Also note that

/ eaz
(R,R+2mi] 1 + €7
~/[—R+27ri7—R] 1+e*

0% -R ea(27ri+t) o R eot
[Rt-2mi,—R+2mi] 1 +€ r l+e _rl+e

Therefore we can let R tend to infinity:

/OO et gt — R eot it — 27.(.2-(_60471'2') T

< omele=DE 4
R—o0

dz

—aR

dz| <2

— 0

T—
1— B_R R—o0

= 1 = L =
oo LF et e _pl+et 1 — e2mic sin(ma)




7. Evaluate the following integrals

j‘oo dx

0 z0425+41"

Solitions:

The roots of 22 + z + 1 = 0 are e¥27/3 therefore the roots of 210 + 2% +1 = 0
are e2M(E1H3K/15 for any k € Z. We integrate f(z) = smrisry along the slice
of pie with vertices at 0, R, Re®>™/5 for suﬁimently large R > 0, in which f has
poles at e2™/15 4mi/15 with residues 106,,1/0+JSSW,/10 ) 1062,”/_06,”/1o , respectively.
Finally, note that 1ntegrat1ng f along the arc section of our contour vanishes at
infinity:

B L SN’
= 5(R'0— R® — 1) Roo

Therefore:

/oo f(x)da; _ 277@'(Res(f, e27ri/15) + Res(f, e471-1'/15))

1 — e2mi/5

00 e—iwe
- T T

Solitions: ‘
We start by assuming w < 0. We note that f(z) = z4+z§;l:22—f,-z+1 = (Zleg,)fl'
Therefore f has two poles in the upper half plane, at z = €*™/% and z = e*™/5,

. . (62‘“‘/5_1)6*%}827”’/5 (e ami/5 _ 1)e —iwedTi/5 . .
with residues — 5T and —=iTE , respectively. We integrate

f along a half circle, and note that the integral along the arc vanishes:

| e

We can therefore calculate:

(R + 1) SUPg<g<r eszinH R +1
< == =
< mh R -1 "REE T Aok

/_OO f(z)dx = hm / f(z)dz = 2mi (Res(f7 e>™/%) + Res(f, 47”/5))

Finally, if w > 0, we repeat the exercise with f’s poles in the lower half plane.

8. A keyhole contour is described in the following image:

4 B o




In this next exercise, we take R = 1, and suppose f is holomorphic in some neighborhood
of the closed unit disk. We take log z to be the analytic branch of logarithm in C\ [0, 00).

(a) Show that
1 1
, f(z)(logz—iﬂ)dz:/g f(x+i5)(log(x+i5)—7ri)dxm/ﬁ f(z)(log(z)—mi)dx,
and that

i (2)(log z—im)dz = —/E f(sc—ié)(log(x—ié)—m)dxm—/E f(z)(log(x)+mi)dx.

(b) By also allowing £ to tend to zero, show that 5 f,y f(2)(log z —mi)dz = fol f(z)dx,
where y(6) = €?, 0 < 6 < 2.

. 1 2m i
(¢) Use that observation to prove the bound ‘fo f(x)dx’ < 3 J3T | F(e)db]| (you can
prove a strong inequality as well).

Solitions:

(a) Note that the integrands do in fact have the specified limits, and that they are
uniformly continuous in the compact sets [, 1] x [0, 1]ND1(0), [e, 1] x [—1,0]ND1(0),
respectively. Therefore the integrals converge accordingly.

(b) Consider the path along the inner part-circle a5, and along the full circle a(f) =
ee’? 6 € [0,27]. For any € > 0, it’s clear that lims_o f% f(z)(og(z) — wi)dz =
[, f(2)(log(z) — mi)dz. Moreover,

[ og(a) - miraz| =| [ ) logle)dz| =
= /f(z)(lna—i—zﬂ)dz = lns/f(z)dz—i-i/f(z)edz <
< 2me ‘Slll:p |f(2)|Ine + (27)%e |S1|1:p |f(2)] ;))O.

Therefore we know that

| #(e1008= —wiyiz = tim im (Srestro)- [

AB+CD+as

f(z)(logz — 7ri)dz> =

m (o+ o / by - /a F(2)(log(2) — m')dz> _

=1l
e—=0
1
= 2m'/ f(x)dx
0

(c) We simply note:
1 2m
| s
0 0

1 ] i 1 27 .
< %/ |f(619)’|eza(ﬂ-—theta)|d0§ 5/O |f(619)|d0




9. By integrating along a keyhole curve, compute the following integrals:

(a)

oo In(z)?
0 1+w+x2d$

Solitions:

Here we also let the outer radius R of the keyhole curve to tend to infinity. By
using the same method we did in the last exercise (first letting J to tend to zero,
then dealing with e, R), we need only note that

1 2 R 1 2
T S / _(mz)*
£

50 ABz2+z+1 2+ +1

1 R 2mi)?
lim - g’ 2 dz——/ (nz + 2mi)” dx
6-0 Jop 22+ 241 . 224+ ax+1

Showing that the integrals along both circles vanish as ¢ — 0,R — oo is simple
(bound the integrals as we did in the last part). We therefore know that

873 (27i/3)? — (4mi/3)? ® (Inz)? — (Inz + 27i)?
= 2m — - = dr =
3\/3 e2mi/3 _ g—2mi/3 o 2 +x+1
_ /°° 47r22—47ri1nmdx:47r2/°° dx _4m,/°° Inz dx
o x+z+1 o ¥2+az+1 0 x2+z+1
This gives us the integrals [ leffﬂ =0, [;° 2+m+1 = 32—”\/5 It therefore

stands to reason that repeating the process with g(z) = Zéofz j_l will conclude the

exercise, and indeed (again, showing that the relevant line integrals vanish is left
as a simple exercise)

dx =

7-167* (2mi/3)% — (4mi/3)? /°° (Inz)3 — (Inx + 2mi)?
() = 2m - : =
27\/3 e2mi/3 _ g—2mi/3 o 2 +x+1

B /°° —27i(31n” z 4 67ilnz — 472)
0

d
24+x+1 v

which yields

[ In(z)? 3. [ dz 7167 327t
67 ———dr =8r" 5 — =
o ld+z+zx o l+z+z 27V3 273

2
I lnillii ) dz, where 0 < o < 2 (hint: you might convert this integral into a more

comfortable form)
Solitions:

We begin by integrating by parts > lni}jf Jdz =0+ 201 o "f:z; Hence, we

might as well calculate 0 g~ +1dx for some —1 < B < 1. This conforms perfectly
with the terms of the next part so we’ll use it for our solution.

fooo O‘z(i)dx where —1 < a < 1, p, ¢ are polynomials with degq > 2 + degp, and

q has no real zeroes. Here, the answer should naturally be given in terms of p, g



10.

Solitions:
oo

Note that [; x“%dw = [e h””%dx. We can therefore utilize a keyhole

curve to calculate the integral. First, note that the poles of f(z) = e 1“%,
defined on C\ [0,00) (with the appropriate branch of logarithm), are the roots of
q. We assumed that none of those are real, so they all are contained inside a keyhole
curve, for sufficiently small € and large R. The differentiation of z* was handled in
a previous exercise, and so the computations of residues is a simple matter, given

p,q. In the special case that ¢ only has simple roots, they are precisely z{* plzr)

k q'(2x)"
In any event, we note that
R
lim [ f(z)dz = / f(x)dz
=0 JaB .
/R
i [ fpdz = e [ fapds
=0 Jop .
Re®? 1+a+degp
(2)dz| < 2nR'™ sup |p( 6_0)‘ §KR . .0
TR 0<o<2r |q(Re’)| Rdegd R b
i0
f(z)dz| < 2me'™™ sup p(ge,e) —50
Ye o<o<2r | q(ce??) | e—=0

It follows that fooo f(x)dr = (1 — e2mia) =1 > q(z)=o Res(f, 2).

How many roots of the equation 27 — 225 + 623 — 2 +1 = 0 lie inside the unit disc?
Solitions:

We let f(z) = 62° and g(z) = 2" — 22° — 2+ 1. So min, 1 |f(z)| =6 > 5 >
max|.|—1 |g(2)|, hence f, f + g have the same number of roots inside the unit disc
(i.e., 3 roots).

How many roots of the equation z* + 823 + 322 + 8z + 3 = 0 lie in the right half
plane?

Solitions:

Begin by denoting f(z) = 2% + 823 + 322 + 8z + 3, and note that Re (f(it)) =
t*+3(1—t?) > 0 for all t € R, and is even in ¢. In comparison, Im ( f(it)) = 8t(1—t2)
is odd in t.

We further note that for all € > 0 there exists R > 0 such that for all » > R and
—gg@ggonehas

s 3
1 —T<p<-8T g
-1 —3{+5§9§—%—5
sgn(Re(f(rew))): 1 gteso0< g -«
T 3T
—1 §+E<9§§_5
3 T
1 ipe<h<T
and
1 —5+e<f0< - —¢
; -1 —T+4+e<0< —¢
sen(Im (f(re'?))) = 4 - =
anllm (7)) = 125
-1 F+e<0<35 -«



11.

12.

We therefore note that for vz a half circle in the right half plane, centered at the
origin and with sufficiently large radius R, the image f o+ is a contour which circles

the origin twice, implying 2%” fv ];'((ZZ)) dz = 2, which is also the number of zeroes f

has in the right half plane.

(c) For how many z with Im (z) > 0 is it true that e?* = 2% + 27
Solitions:
We denote f(z) = e'%,g(z) = 22 + 2, and note that along the real axis |f(t)| =
1 <2< 2+t = |g(t)]. Moreover, for r > /3 and 0 < 6 < 7 it holds that
|f(re')| = e Bsind <1 < (r2 = 2) < |g(re'?)|. It follows that f — g has the same
number of zeroes in the upper half plane as g, namely one.

(d) For any = > 1, show that there exists a unique solution to the equation e~*

in the right half plain, and that this solution is real.

Solitions:

We examine f(z) = e #,g(z) = z — x. On the imaginary axis, |f(it)] = 1 < z <
Va? +t2 = [g(z)|. Moreover, for =5 <6 < T and R > = + 1, we have

=r—=z

’f(Rew)’ _ e—Rcos@ < e—R < R—=r < ’g(Rem)’ )

It follows that in any sufficiently large half circle, which rests symmetrically along
the imaginary axis in the right half plane, f(z)+ g(z) has exactly one zero, because
g(z) has a unique zero at z = z.

Clearly, there exists a real solution, because e ® = 1 and e~* \, 0, whereas z —0 =
x> 1and z —t\, —00, and both are continuous. Therefore, it’s the sole solution.

Suppose f : Q — C is holomorphic, and f(a) = b for some a € Q. Suppose g(z) =
f(2) — b has a zero of order 2 at a. Show that there exists a disk D,.(b) and an open set
a € U such that for any ¢ in the punctured disk D..(b), the equation f(z) = ¢ has two
distinct roots in U.

Solitions:

Firstly, note that f’(a) = 0 but the zero is of finite order, so by the uniqueness theorem
there exists € > 0 such that f/'(z) # 0 for all z € D.(a) C Q. We denote f(z) =
b+ (2 — a)?g(z) where g is holomorphic in Q and g(a) # 0. It follows that there exists
0 < R < € such that |g(z)| > L;)I for all z € Dr(a). We choose r = RQM, so that
for all ¢ € D,(b), and |z — a| = R:

e~ apg()] = B2 g
Implying that f(z) — ¢ has the same number of zeroes in Dg(a) as (z —a)?g(z), namely
two. However, f has no zeroes of order 2 in D.(a) DO D%(a), implying that these two
zeroes are distinct.

Let u : R x (0,00) — R be defined as the angle between the segments [0,z + iy] and
[z + iy, 1]. Show that u(x,y) is harmonic.

Solitions:

Then u(x,y) = arg % Note that % =teRifand only if (1 —¢t)z —1=
i(t — 1)y, but since y > 0 it follows that ¢ = 1, and 1 = 0, in contradiction. Therefore

we can use the principal branch of logarithm to denote u(x,y) = Im (log %), and

it follows that u is harmonic.



